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Abstract. In this paper we deal with the problem of finding an optimal rguexecution plan in
database systems. We improve the analysis of a polynomialdpproximation algorithm due to
Makino et al. for designing query execution plans with altmpgimal number of parallel steps. This
algorithm is based on the concept of edge ranking of graplesus#' a new upper bound for the edge
ranking number of a tree to derive a better worst-case pagnce guarantee for this algorithm. We
also present some experimental results obtained duringste of the algorithm on random graphs
in order to compare the quality of both approximation ratiosaverage. Both theoretical analysis
and experimental results indicate the superiority of oyoragach.
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1. Introduction

A parallel query execution is a way for improving performance in largebdeta systems. In general,
there are three types of parallelism in database systanes:query parallelisminter-operator paral-
lelismandintra-operator parallelism In all cases the goal is processor allocation but at different levels.
In inter-query parallelism we have a set of queries (some of them caxeloated concurrently) and we
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have to find their parallel scheduling. If more than one processor isnessip a query then the two
other mentioned types of parallelism can be exploited as well. In inter-opg@atallelism we schedule
operations within a single query. In this paper we consider joins only asateethe most time con-
suming operations. Thus, we schedule join operations by assigningsparséo joins and determining
which operations can be computed independently. In the last type of pardikduling, intra-operator
parallelism, we split one join operation among several processors in tardempute it efficiently. In
this paper we present results which can be applied in inter-operatdiepiana.

In the inter-operator parallelism we have two main problems to consider: jguesee selection and
allocation of processors to joins. In this paper we deal with the first igSughermore, the algorithm
under consideration does not deal with the join execution costs. To avgalitdermediate relations we
can use a technique described in [9], where the graph ranking ajbpcaa still be used.

Finding an optimal parallejuery execution plafQEP) is NP-hard. Thus, for complex queries the
problem is intractable and most approaches are based on heuristics gemerally have no formal
analysis (such as worst-case bounds) on their optimality [11]. Makino, aiu Ibaraki [8] gave an
algorithm with a worst-case performance guarantee for solving this pnobkethe sequel we will call
their approach as thUI algorithm. In the next section we describe the concept of edge ranking and
and its application in the field of parallel query processing. Section 3 givesw upper bound for the
edge ranking number of a tree. In Section 4 we improve on the prior analygisll. Finally, Section 5
gives some experimental results.

This paper is an improved version of [3] and has been extended to inttledeeoretical analysis
from Sections 3 and 4.

2. Preliminaries

Thejoin graphof a query is defined as a simple gra@ghsuch that the vertices @ correspond to the
base relations and two vertices are adjaceidt iithe corresponding relations have to be joined during
the execution of a query [5, 9, 10]. In this paper we assume that the jemnatigns are executed in steps.
Since we are interested in finding as short plans as possible so we asstiinestich step several join
operations can be performed in parallel. If a base relation is used in tvepatffjoin operations (which
means that in the query graph the edges which correspond to thestanseaae incident to a common
vertex) then these joins cannot be computed in the same step. The schedthiadoin operations can
be represented as a rooted ti&ewhere nodes of this tree represent the join operations and a particular
join can be evaluated only if all its descendants have been already computétermore, if two nodes
are unrelated if” then the corresponding joins can be computed in parallel. The above detaistrs
known as theoperator tree For a more detailed description of operator trees see e.g. [1, 6].

If an operator tred” has been computed, the join can be scheduled in such a way that the tree is
processed in a bottom-up fashion — in tkiestep all joins which correspond to the nodes inithdevel
of T" are computed, where the last level is the roof af Note that the height df” (the length of the
longest path from the root to a leaf) is the number of parallel steps rekpoifgrocess the query. So, itis
desirable to find a tre®&’ of small height. Note that if some relatiomsandy have been joined in thih
step (letz be the resulting intermediate relation) then in all joins in the later steps we inséead ofr
andy.

In the following we assume that a join graph= (V(G), E(G)) is given, whergV' (G)| = n and
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|E(G)| = m(G) = m. We denote byA(G) the maximum vertex degree 6f, in short thedegreeof G.
An edgek-rankingof G is a functionc : E(G) — {1,...,k} such that each path between edgeg
satisfyinge(z) = ¢(y) contains an edge with a greater color. The smallest integach that there exists
an edgek-ranking of G is theedge ranking numbeof G and is denoted by, (G). Makino et al. [8]
introduced theminimum edge ranking spanning trédERST) problem. In their problem the goal is to
find a spanning tree whose edge ranking number is as small as possible.

Spanning trees and their edge rankings can be used to find good QlBls ifwour case is equivalent
to finding low height separator trees) in the following way. In order to cotaplee execution of the
query, we have to compute joins which correspond to edges forming aisgéaree in the query graph
G. Indeed, ifC is a cycle with/ edges inG then computing any — 1 joins from that cycle results
in an intermediate relation obtained by joining all base relations corresponditing teertices ofC'.
Furthermore, if we have selected some spanning@reéG, then the task is to find an optimal parallel
scheduling of joins corresponding to the edgesof We find an edge ranking of 7' and schedule
the operations in such a way that for any two edges> € FE(T) the join corresponding te; is a
predecessor of the join correspondingztoin an operator tre@” if and only if ¢c(e;) > c¢(e2) and the
path connecting: to e; in 7' does not contain an edge with a color greater #@n). So, the number
of colors used by is the height of the operator trd& obtained in this way. Furthermore, this approach
is optimal in the sense that if the spanning tree of the query graph is giveththéeight of an operator
tree of minimum height equals to the edge ranking numbér {8]. This means that the difficulty lies
in finding an appropriate spanning tree of the query graph.

Let us illustrate the above concepts by the following example. Consider lzedatguery of the form

Select * fromA, B,C, D, E, F whereA.xz = C.x andA.y = D.y and

1
Az=F.zandAt=B.tandB.u=F.uandBwv=Fuv... @

Fig. 1(a) depicts the corresponding query gra@tcontaining edge$A, B}, {A,C}, {A, D}, {A, E},
{B, E}, {B, F'} which correspond to the join operations that have to be computed in ordemjlete
the above query. The edges of a spanning Tred G are marked with heavy lines in Fig. d)( Note

(@) ®
{4,D} {B,E}
{4,C} {B,F}

F

Figure 1. @) a query grapl@s, its spanning tre&” and an edge ranking @f; (b) the corresponding operator tree
T/

that the degree df is minimum over degrees of all spanning trees:ofFurthermore, this is an optimal
solution to the MERST problem for the gragh We compute an edge ranking ‘6fin order to create
an operator tree. An example of such a coloring is given also in Fig). Ilhe largest color used is
equal to3. Therefore, this query can be computed in parallel in three steps. Enatoptre€l” created
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on the basis of this edge ranking is given in Figb)1(Nodes ofI” are labeled with the corresponding
join operations. Finally, the operator tree can be used to create a pachkellde as described above.
In this case the join operatioqsi, C'} and{B, F'} are computed independently in the first step. In the
second step we have operatidns D} and{ B, E'}. However, instead of using the relatidn(B) we use
the intermediate relatiofA, C'} ({ B, F'}) created previously. In the final step we join the intermediate
relations corresponding to the sons of the root. The first relation is thé ocfgoining A, C, D and the
other was obtained by joining, £ and F'.

Though the MERST problem is polynomially solvable for threshold graphsit{fgs NP-hard for
general graphs [8]. The MUI algorithm solves MERST for generapbs with sublinear approximation
ratio min{(A* — 1)logn/A* A* — 1}

log(A*+1) -1 ’

whereA* is the degree of a spanning tree whdsés as small as possible, ahg; stands forog, [8],
while our approach leads to the bound

(A* 4+ 1)logpa«,1(n —1)
max{A*, [logn]}

3. The bound for trees

Star S, is a tree withn — 1 leaves. Given a grapfi, graphH is asubgraphof G if V(H) C V(G) and
E(H) C E(G). If S C V(G) then theinduced subgrapbf G is defined as

G[S] = (S,{e € E(G) : e C S}).

If R C E(G), S CV(G)thenG — R = (V(G),E(G)\ R),G— S = G[V(G) \ S]. We will write

G — einstead ofG — {e}, wheree € E(G). Graph isconnectedf there exists a path between every
pair of vertices.H is aconnected component G if H is connected and/ is no proper subgraph of a
connected subgraph 6f. We say that colof is visible for vertexv under edge ranking if there exist

e € E(G) such that(e) = 7 and a path connectingande such that all edges in this path get smaller
colors than. If the above path is empty theéns said to beadjacentto v.

Lemma 3.1. There exists an edgerankingc of treeT" such that the edges colored with unique labels
form a star.

Proof:

Let Hy be the subgraph ¢f induced by the edges colored with unique labels under its edge ranking
co. We prove that each connected componentgfis a star. Assume thal, contains a connected
componentH/, which is not a star. SubgrapH/, contains two nonadjacent edgeses. Lete be any
edge of the path connectirg ande;. We havee € E(H()) becaused), is connected. All three labels
co(e), co(e1), co(ez) are unique undery, thus we may shuffle them so thgte) > max{cy(ey), co(ez2)}.

Thus, we can modify, so thatcy(e;) = cp(e2) which leads to an optimal edge rankingldtisingk — 1
colors — a contradiction. Similarly, we can prove tli&t does not contain edges, es, e3 (which do not
belong to the same connected component/gf such thats belongs to the path connectirg andes

inT.
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Furthermore, at most one connected componeffdé not equal tab,. Suppose, for a contradiction
that H, contains two stars), S; such that > [ > 2. Without loss of generality we may assume that
co(E(S))={k—1+1,....k}andc(E(Sy)) ={k—1—t+1,...,k —l}. If eis an edge connecting
S; and.S; thenc’ defined as

JES)) = {k—20+1,... k1),
de) = k—1+1,
d(x) = co(x) otherwise

is an edgék — [ + 1)-ranking. By assumptiori,> 2 which impliesk — [ + 1 < k, a contradiction.

Now we are ready to prove Lemma 3.1. Let us assumefhfgatontainsg connected components.
If ¢ = 1 then we have already proved that this component is a star and we arelfigne 2 then we
can choose two nonadjacent edgeses € E(Hp) and we may assume that, ez are labeled with two
smallest colors undey (as before we can shuffle unique labels). There exists anedgé(7') \ E(Hy)
which belongs to the path connectiagande,. We define edge ranking of 7" as follows

Cl‘T—{e,ehez} = CO‘T—{e,eheg}v
ci(e1) =ci(e2) = min{co(er),cole2)},
ci(e) = max{cp(er),cole)}

The subgraph of" induced by the edges with unique labels ungdeis denoted byH,. We repeat the
above step for subgraplt$;, Hs, . . .. The inequality E(H;11)| < |E(H;)| implies that there exists an
index; > 0 such thatH; contains one connected component. The corresponding edge rankisg
optimal, because it uses the same number of coloes asc;_», . . ., cop and by the discussion above the
subgraphf/; is a star. Thusg; is the desired edge ranking O

Lemma 3.1 implies that each optimal edge ranking of a tree can be modified st duafes labeled
with unique colors are adjacent to some vertex denoted bg.

\v/c(e),eGE(T),rée Ele/;ée C(e) = C(el)' (2)

We will refer to condition (2) a€’; [¢] in order to specify ranking. We assume that all edge rankings
considered in this section have the above property and all trees ard edatertex-. If v € V(T') then
T, is the tree rooted at vertex i.e.

T, = T[{x : z is a descendant of} U {v}].

For eachv € V(T') and edge ranking of 7' we define sef..(v) of colorsi such that:(e) = i for
somee € E(T,) and all edges of the path connectinginde have colors smaller thai) i.e. L.(v)
is the set of visible colors for assigned to the edges @f. We write L.(u) <; L(v) if L.(u) is
lexicographically smaller or equal #.(v), i.e. L.(u) = L.(v) or there exists elementsuch that

x € Le(v)andx ¢ Lc(u) andVys,y € L.(u) <= x € L.(v).

Relations>;, >;, <; are defined analogously.

The sons of- are denoted by, ..., v,. The biggest color which is assigned to more than one edge
of T" underc is denoted byl(c). Let indexs(c) be defined so that all unique labels undere assigned
to edges(r, v1}, ..., {7, vs)} (by Lemma 3.1 such a vertexexists).
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Lemma 3.2. ([2]) Given a rooted tred”, there exists an optimal edge rankingf 7' such that for each
v € V(T) and any edge ranking of T;, we haveL.(v) <; Lu(v).

If

T, = T[V(Tvs(c)-H) U---u V(Tvp) U {T}]

then by Lemma 3.2 we may assume that for any edge rankioigl’
Le(vi) <o Le(vi), i=1,...,s, 3)
Lepp(r) <1 Lo (r). (4)
Without loss of generality we can assume that the sonsawé numbered in such a way that
Le(v1) 21 Le(v2) 21 .. 21 Le(vg(e))- (5)

We will refer to condition (3) a<’s[c] in order to specify coloring.. Note that the values of
d(c) and s(c) are unique, i.e. iy andce are two optimal edge rankings @f such that conditions
Cilei], Cale], i = 1,2 are fulfilled thend(c1) = d(c2) ands(c1) = s(c2). Indeed, byCs[c;] andCa]cs],
L, (v1) = Lc,(v1) which implies

d(c1) = max(Le, (v1)) = max(Le,(v1)) = d(e2)
and equalitys(cq) = s(c2) follows from
s(e1) = X (T) — d(c1) = x;(T) — d(e2) = s(ca).
Later on we will writed ands instead ofd(c) ands(c). Fig. 2 explains the notation given above.

(b)

Figure 2. @) an optimal edge ranking of tré&& (b) an optimal edge ranking @f such that unique colors form a
star; ¢) optimal edge ranking of rooted tr@ésatisfying (3), (4) and (5)

Fig. 2(a) depicts some optimal edge ranking of a ttEevhile Fig. 2() gives an edge ranking
with property from Lemma 3.1. Finally, Fig. @(shows the corresponding rooted tree and its edge
rankingc satisfying properties (3), (4) and (5). For this edge rankinge haved = 3,s = 2,p = 4,
L(v1) = {1,2,3}, L(ve) = {3}, L(v3) = {1}, L(v4) = D andL(r) = {1,2,4,5}.
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Lemma 3.3. If T'is a tree such thak,, # S, S foreachi = 1,...,sandx.(T,) < d, thenx,(T,,) =
dforeachi=1,...,s.

Proof:

Let us assume that.(7,) < d for some vertex such thate({r,v}) > d, wherec is an optimal edge
ranking of7". We can create ranking of 7' such that/({r,v}) = dandd/(e) = ¢(e) for eache # {r,v}.
Edge ranking is legal and uses fewer colors tharwhich leads to a contradiction. O

Lemma 3.4. Let c be an optimal edge ranking @t. If d € ¢(E(T;.)) then
‘X;"(Tvi)_X;"(TUj” < 17 iaj S {17"‘73} (6)

or
X, (T —€) = x.(T) for somee € E(T). (7

Proof:
Color d is used to label one edge @f, because it is the biggest color in this subgraph. By {5%
L.(v1). Lete be some edge adjacent to a leafli. Consider the tre@ — e. Assumingy,.(T') #
X,(T — e) (which means that condition (7) is not true) we will prove that (6) holds.héfe.(T) =
X.(T —e) + 1, because is a leaf and removing an edge from a graph cannot decrease the ekigegra
number by more thah. Let us assume, for a contradiction, that subffge s > 2 uses at mosi — 2
colors. We know thak!.(T,, —e) € {d — 1, d}. Letc be an optimal edge ranking @f— e. By Lemma
3.2 we can assume that

clr,, = c|r,, foreachi = 2,...,p. (8)

Observe, that”; [¢'] may not hold, but the only possible color which is unique undemd is not
adjacent to- is d. Note that'({r,v1}) < d, because otherwise we can add edde subtre€el;,, and
colorT,, with d labels, which leads to an edge ranking that uses fewer colors tsad, a contradiction.
Let us consider two cases.

Casel: d € ¢(E(T,, —e)U{{r,v1}}). Then, alledge$r,v;},i = 2,...,psuchthatl € ¢(E(T,,))
are labeled with a color greater thdmunderc’. This means that some ed§e v;}, wherej > s gets a

label greater thad becausel € ¢(E(T,)) and we assumed (4). Now we exterido an edge ranking’
of T as follows

({r,u}) = x(D),
d'(e) = c(e), wheree € E(T,,) 9)
d'(e) = ((e) otherwise.

Edge ranking”” is valid, it uses the same number of colorscaand L.~ (r) <; L.(r), because in the
case of coloring” this set does not contain labél So,

Lcu‘ﬁ(r) < Ldﬁ(?”)

and by (4) this is a contradiction.
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Case2: d ¢ /(E(T,, —e)U{{r,v1}}). Clearly,d—1 € ¢(T,). Thus,c/({r,v1}) < d—1. Consider
an edge ranking” satisfying (9). Note that colat — 1 is not visible fromr in subtreel’ — V (7, ) under
c”. By assumptions (3) and (4), coldr-1 is not visible fromr underc and we can modify by assigning
colord — 1 to edge{r, vs}, becausenax(L.(vs)) < d — 1. The number of colors used lydecreases.
Therefore our assumption thais optimal is contradicted.

0
Theorem 3.1. For each tred" with n > 3 verticesy.(T') < Ba(T) = |A loga m(T)].
Proof:
We will use the following inequalities
a log, x > b log, x a>b>1,x>1, (20)
alog,x>x a>x>2. (11)

We prove this theorem by induction en. So, if we remove the edges colored with unique labels
underc then we can apply the induction hypothesis for connected compofgnts . , T, , T;..

First, let us consider tre€B such that colok({r, v;}) is unique andl;, is an empty graph of,
contains one edge. If subtrég, does not contain any edges then we can assume that all labels used to
color treeT" are incident ta-. If this is not the case, i.e. colgris not adjacent te then we can modify
c such thate({r,v;}) := c({r,v;}), wherej € ¢(E(T,,)) andc({r,v;}) := j (we know thatj is not
visible fromr underc). In this way we obtain an edge ranking such that all colors are adjezeit all
subtreedl,, are not empty. The second case will be considered later. Thus, we have

A(T) logA(T) m(T) Z A(TA) logA(TA) m(TA) (12)
= x(T),

whereTx is a subgraph of’, induced byr and all its neighbors. Inequality (12) follows from (10) and
the facts thatn(7T') > m(Ta), A(Ta) = A(T) andm(Ta) = A(Th).

Now, let us consider the case whé&h is nonempty, where is a son ofr. One label is not visible
from vertexr, because each subtrék (v is a son ofr) contains one edge and we consider edge rank-
ings satisfying (3) and (4). Thus, we have that colars ., x.(T') are adjacent te. TreeT contains
2(x,.(T) — 1) edges. We have

A(T)logarym(T) > (x(T) = 1)log,s 1y—1 m(T)
> (0 (T) = 1) logy (7y—1 (20x(T) — 1))
= 0G(T1) = 1) logy (-1 2+ x:(T) — 1
> x,(T)

The last inequality follows from (11).
Let T be any tree not considered in the above two cases. The induction hgisosiags that the
theorem is true for all tre€g’ such thatn(7") < m(T).
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Casel: Subtre€eT;. does not contain an edge labeled with colbr_et
T =T[V(T,)U---UV(T,,) U{r}.

By Lemma 3.3
d € ¢(T,,) for eachi = 1,.

Letj be such an index that(7,,) = min{m(T,,) : i =1,..., s}. Then
A(T) logaer)(m(T)) = A(T) loga(r)(m(T"))

A(T) logaqry(s + ) m(Ty,))

i=1

> A(T) loga(ry (s m(Ty,)))

> A(T) loga(ry s + A(T) loga iy (m(To;))

> A(T) logary s + A(Ty,) loga(r, )(m(Tv]-)> (13)
> s+ A(Ty;) logar, ) (m(Th;)) (14)
> s+ x,(Ty), (15)

X (T).

Inequality (13) follows fromA(T") > A(T,,) and inequality (10). Conditions (11) as well as inequalities
A(T) > s ands > 2 (d is not unique under edge rankinfg 7)) imply (14). In order to obtain (15) we
applied the induction hypothesis for subgraih, namelyxr( i) < A(Ty)) logacr, y m(Ty;)-

J

Case2: SubtreeT, contains an edge labeled with By Lemma 3.4, there exists an edgsuch that
X (T =€) = x4(T) or [x)(Ty,) — xp(To,)| < 1fori,j =1,...,s. Inthe first case we can apply the
induction hypothesis for the subgraph- ¢

Xo(T) = x:(T — €) < A(T =€) loga(p_o) (m(T = €)).
The following equality holds
A(T —e) logap—ey(m(T — e)) < A(T') loga(py(m(T)),

because\ (T — e) < A(T) and due to (10). Ify.(T — e) < x,.(T) for all edgese € E(T') then by
Lemma 3.4x;.(Ty,) — x,(Ty;)| < 1fori,j=1,...,s, which implies

A(T) logaiy(m(T)) = A(T) logary(s +m(T; +Zm W)

A(T) loga(ry((s +1)m (TJ))

A(T) loga(ry(s +1) + A(Ty;) logar, ) (m(T;))
s+l+d—1 (16)
= x(T).

The subgraphl’,; above is defined as

v

m(Ty,;) = min{m(T; ), m(T,,), ..., m(Ty,)}.
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Inequality (16) follows from (11) and the induction hypothesis applied bysaphT;:
A(Z_‘]) IOgA(TUj) m(ij) Z X;" (ij)v

wherey!.(T,.) > d — 1 by (6). O

J

4. \Worst-case analysis of MERST

The algorithm MUI can be described as follows:
1. Find a spanning tre€ of G with A(T") < A* + 1.
2. Find an optimal edge ranking &f.

In the first step we userabsolute approximation polynomial-time algorithm given in [4]. The problem
of finding an optimal edge ranking of a tree is polynomially solvable [7].

In the following A* is used to denote the maximum degree of a spanning tr€endfose maximum
degree is as small as possible among all spanning trees of Gtaph

Theorem 4.1. ([4]) There exists arO(mna(m,n)logn)-time algorithm which for a given grap&
finds its spanning tre€ such thatA(7') < A* + 1, wherea is the inverse Ackermann function.

Theorem 4.2. ([7]) There exists a®(m)-time algorithm which for a given tree finds its optimal edge
ranking.

Since the MUI algorithm is a combination of algorithms from Theorems 4.1 andtgr2nning time
is O(mna(m,n)logn).

Lemma 4.1. ([8]) For any tre€l’, x'.(T") > max{A(T), [logn]}.
Theorem 4.3. ([8]) If T"is a tree then
o (T) = [logn], if A(T)=0,1,2

, (A(T) — 2)logn
x(T) < log A(T) — 1

= By(T), if A(T) > 2.

To compare bounds given in Theorems 3.1 and 4.3, let us consider thilitegq log A < A which
is true forA(T) = A > 4. ThusAlog A — A < Alog A — 2log A. Equivalently

logn logn
<(A-2)—2—.
AlogA = (4 2)logA -1
The above formula implies
A —2)1
Aloga(n—1) < B=28n oy (17)

logA -1
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Furthermore
A—2 A

By — By > -
! 2_(logA—l log A

)log(n — 1)
and forA > 4 we have
A-2 A -
logA—1 logA
Thus, for a fixed value of\ > 4 we haveB; — By = O(logn).

If T, is an optimal solution to MERST fak andT is a tree produced by the algorithm from Theorem
4.1, then on the basis of Lemma 4.1 and Theorem 4.3 we have [8]

x(T) _ (A" —1)logn/(log(A" +1) — 1)

X(T,) — max{A*, [logn]}
min{(A* — 1)logn/A* A* — 1}

0.

= log(A* +1) — 1 = (). (18)
On the basis of Lemma 4.1 and Theorem 3.1
Xr(T) _ (A" +1)logpsiq(n —1)
< = . 1
T = max(A [loga]} 120 (19)

By (17), if A* + 1 > 4 then the approximation ratifly is better thank,, i.e. R2(G) < R;(G), when
A* > 3. Note, that for a fixed value ak* or for A* = ©(n) we haveR, = O(1).

5. Experimental results

Below we present some experimental results gained while testing MUI olomagdaphs. Each chart
shows the values of parameters as functions,ofthe size of graph. We generated graphs for each
n € {50,60,...,150}. Each point denoted in the chart is the average of 100 values. All graphated
during the tests were connected. Note th&t i§ not connected then solving the MERST problemdor
reduces to solving the problem for all connected componentssgparately. Then a solution f6fis a
spanning forest and its edge ranking number is the maximum over the etkyggraumbers of the trees
forming the forest. In order to create a random graph we constructeghii®m spanning tree and then,
according to the graph densigy more edges were added. This means that for s;m@ke. g = 0.005)

the random graphs were trees. Fig. 3 shows the results of the comppéeinesnts.

Fig. 3(a) depicts the relation between the edge ranking number of a tree and thdshBuand
B,. The degree of all trees generated was equabDtoTwo types of inaccuracies are included in the
approximation ratios considered in this paper. The first follows from thetfeat the MUI algorithm
uses a heuristic for finding a minimum degree spanning tree. Howeverasssije to create examples
of graphs for which a spanning tree with minimum vertex degree is not thevaheminimum edge
ranking number. Then, there is some inaccuracy in bounding the edgjagarumber when only. and
A are given. Thus, the purpose of comparing the edge ranking numbeitsaliiiunds is that the quality
of the approximation ratio directly depends on the bounds used.

The second test is presented in Figh)3{here we tested only the first part of MUI, i.e. we generated
random graphs&; with A(G) = 10 and densitieg = 0.01, 0.05, 0.1, respectively. We used only small
values ofg, because as the experiments show, already for these valyeshef degree of the spanning
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Figure 3. Experimental results

trees is very small. From the theoretical analysis it follows that once we adb&panning tree which is
a path, the problem has been solved optimally, so we want to avoid such &msae values of the first
function forg = 0.05 are equal td 0, because random graphs obtained in these cases were trees.

Fig. 3(c) compares approximation ratidg and R». In this test the graph density= 0.01. We
used a small value af, because as the previous experiment shows, for lgrtfes average over degrees
of T'was smaller thad and in that case we would rather use the theoretical analysis from Sedtion 4
compareR; and R,.

Fig. 3(d) presents the approximation rati. In this test, for each value of andg we generated
random graphs; with A(G) = 10. Then, we computed, for the spanning tree obtained in the first
part of MUI. As before, each point is the average of 100 values (iG8 different random graph§
were created). The first function, because of the small valug piresentsR, for trees withA =
10. For smaller values ofi andg = 0.01 graphsG are also trees. Larger grapbisare not acyclic.
The approximation ratid?s is clearly not monotonic im\*, which explains why the second function
presented in Fig. d) can get smaller and bigger values than the first one.

The experimental results presented in this section compare both boundsavetiage case. The
mean value of?; (taken over all test cases) was 15% bigger than the mean vaRg of
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