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Abstract: A vertexk-ranking of a simple graph is a coloring of its ver-
tices withk colors in such a way that each path connecting two vertices
of the same color contains a vertex with a bigger color. Giarsihe
minimum vertex ranking spanning tree (MVRST) problem whtre
goal is to find a spanning tree of a given graplwhich has a vertex
ranking using the minimal number of colors over vertex raugjsi of all
spanning trees d&. K. Miyata et. al. proved in [Np-hardness proof
and an approximation algorithm for the minimum vertex raxgkspan-
ning tree problempiscrete Appl. Math. 154 (2006) 2402-2410] that
the decision problem: given a simple gra@h decide whether there
exists a spanning trek of G such thafl has a vertex 4-ranking, is NP-
complete. In this paper we improve this result by proving INiPdness
of finding for a given chordal graph its spanning tree haviegex 3-
ranking. This bound is the best possible. On the other handroxe
that MVRST problem can be solved in linear time for propeeiaal
graphs.
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1 Introduction

A vertex k-ranking of a graphG is a functionc: V(G) — {1,...,k} such that each
path connecting two vertices of the same color contains gxevith a bigger color.
The symboly,(G) is called thevertex ranking number of G and is equal to the small-
est numbek such that there exists a vertexanking of G. A vertex ranking ofG

is optimal if it usesy(G) colors. Finding an optimal vertex ranking is hard in gen-
eral [15] and also for chordal graphs [7]. The problem canddeesl in linear time for
trees [16], inO(n®) time for d-trapezoid graphs [4], which implies &(n®) time algo-
rithm for interval and circular-arc graphs, and@m®) time algorithm for permutation
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and trapezoid graphs. There exists@(m + m) time optimal algorithm for computing
vertex ranking of a starlike graph [8].

An edge k-ranking of a graphG is a functionc: E(G) — {1,...,k} such that each
path connecting two edges of the same color contains an eitlga Wwigger color. The
edge ranking number of G, denoted byy;(G), equals the smallest integkisuch that
there exists an edderanking ofG.

Makino, Uno and Ibaraki introduced the Minimum Edge Rank8manning Tree
(MERST) problem [11], where the goal is to find a spanning feef G, such that
the edge ranking number @fis minimum over all spanning trees Gf This problem
is hard for general graphs and there exists a polynomial éipproximation algorithm
with a sublinear approximation ratio [11]. The bound forfpemance guarantee of
this algorithm has been improved asymptotically in [6]. féghexist exact polynomial-
time algorithms solving the MERST problem for threshold aptit graphs [10]. The
problem turns out to be NP-complete for series-parallepigsd1]. In [9] an approxi-
mation algorithm for series-parallel graphs is given. ThERST problem has poten-
tial applications in parallel query processing in relaibdatabases [11], and a special
modification of this problem has been used to for creatingctestrategies in partial
orders [5].

The vertex version of the MERST problem has been defined ih [Ebrmally,
given a simple grapks, the goal is to find a spanning tréeof G such that the vertex
ranking number off is minimum over the vertex ranking numbers of all spanniegsr
of G. The authors conjectured in [11] that the Minimum Vertex Kag Spanning Tree
(MVRST) problem is also hard in general and left their hy@sils as an open question.
In the decision version of the problem a grapland an integek are given and we ask
about the existence of a spanning tiesatisfyingy,(T) < k. We use the notatiok-
MVSRT to denote the problem with a fixéand a simple grap@ as an input. Authors
in [12] proved that 4-MVRST problem is NP-complete. In thagpr we improve this
result: 3-MVRST problem is also NP-complete. Section 2 gigepolynomial time
reduction form the Minimum Set Cover problem to the MVRST Igeon for chordal
graphs with diameter at most 6. Few classes of graphs are foromhich an optimal
solution to this problem can be computed in polynomial-tithe examples are interval
graphs [13] and outerplanar graphs [14]. In Section 3 we showntrivial class of
graphs (proper interval graphs) for which the MVRST problean be solved in linear
time. Although the work of Nakayama et. al. [13] implies thé@s&ence of an optimal
and polynomial-time algorithm, but the running time of th@iocedure i€D(n%).

2 3-MVRST problemishard for chordal graphs

In this section we propose a simple polynomial-time reauctrom the Minimum Set
Cover problem (MSC) to the 3-MVRST problem. The definitiortled MSC problem
is as follows:

Input: a setS = {a, ..., an}, a collectionC of subsets o5 (C = {Ss,...,Sm},
whereS; C S for eachi = 1,...,m) and an integek > 0;

Question: Does it exigt” € C such thatC’| < kand|JC’ = S?



Given an instance of the MSC problem, define a simple g@&ph
V(G) = V[S]UV[C] U {wy, ..., W} U {ro,...,Is},
whereV[S] = {Ma], ..., V[ay]} contains the vertices corresponding to the elements in

S while V[C] = {V[S1],...,V[Sn]} contains the vertices corresponding to the &ts
Then,

EG) = {MalVISiI}:aeSjiulixyl:xyeV[CIU{w,..., WU
{{rO,VV|} I = 1" . "k} U {{rlarl+l} I = O’ 1$2}'
Let us give an example of a gra@hfor a given instance of the MSC problem. Let
Nn=6m=5Kk=2 51 = {a,a)}, Sz = {a,az a1}, S3 = {a3}, S4 = {a1, as, ag},
Ss = {au, as, ag}. Fig. 1@) depicts the corresponding gra@h

(b)

Va] vaz] Vias] V[aa] Vas] Vae] Vau] Vaz] V[ag] V[as] Vias] Viag]

Figure 1: @) a graphG and ) a spanning tre& of G with y,(T) = 3

Lemmal If C’ isa solution to the MSC problem satisfying |C’| < k then there exists
such a spanning tree T of G that x,(T) = 3.

Proof: We define a vertex 3-ranking together with a spanning treg. Clearly,
{ri,risza} € E(T) fori = 0,1,2. Letc(rg) = 3,c(r1) = c(rs) = 1,c(rp) = 2. Let
c(V[Sj]) = 2if S; € C’". All the remaining vertices o6 get color 1. Defindro, w} €
E(T),i =1,...,k For eachv[S;] such thatc(v[Sj]) = 2 find a unique vertexw; and
add{w;, v[S;]} to E(T). Such a definition is correct, becaug¥ < k. Finally, for each
i=1...,nfindj e {1,...,m} such thats; € S;j, S; € C’, and addv[a],v[S;]} to
E(T). If c(M[Sj]) = 1, ] € {1,...,m} then find any vertex{S|] colored with 2 and
add{v[S;],v[S|]} to E(T). Itis easy to see that is a spanning tree. Note that— ro
is a union of stars with central vertices andv[S;], whereS; € C’. So, the central

vertex of each star has color 2 and the leaves are coloredlwibhis proves that is a
ranking. |



The construction of and its vertex 3-ranking shown in the proof of Lemma 1 are
given in Fig. 1p). The only solution to the MSC problem in that cas€fs= {S,, S4}.

Lemma?2 If T isa spanning tree of G such that y,(T) = 3 then there exists a solution
to the MSC problem.

Proof: Letc be a vertex 3-ranking of . Note that{r;, ri,1} € E(T). So, one of the
verticesry, ..., rs gets color 3. Ifc(rg) # 3 then we may modifg in such a way that
c(ro) = 3,¢(r1) = c(r3) = 1 andc(rp) = 2. Clearly,c is a valid vertex 3-ranking of .
DefineC’ = {Sj:c(MSj]) =2,j=1,...,m}.

Note thaty,(T) = 3 implies that the color 3 is unique undgrso onlyrg gets this
color. It is not possible thal contains a subpatR with three consecutive vertices
V[S;], Viai], V[Si], because thewa;] would require color 2 while(v[S;]) = c(V[S]) =
1 and none of these vertices is connectedogte- a contradiction. So, the vertices
V[a],i =1,...,nare leaves iT and consequentlg(v[a]]) = 1,i = 1,...,n. Since for
eachi = 1,...,nthere existg € {1,...,m} such thatv[a], v[Sj]} € E(T) it must be
the case(v[Sj]) = 2. So,JC" =S.

If c(V[Sj]) = 2 then there existse {1,...,k} such tha{V[S;], wi}, {w, ro} € E(T),
because[S;] is not adjacent t@o, and a path connectingS;] to ro in T may contain
at most one vertex, because this path cannot use colorstbterl. So, for such a
vertexw; we havec(w;) = 1, which implies that for eacty, there exists at most one
V[Sj] such thatwi, V[Sj]} € E(T). This means thgC’| < k. O

Let G be a simple graph. Given a cydeC G, an edge between two nonadjacent
vertices inC is called achord. We say thaG is chordal if each cycle of length at least
4 has a chord.

Lemma 3 Thegraph G is chordal.

Proof: LetC, C G be a cycle irG. If v[a] € V(Cp) then{v[a], v[Sj]}, {V[a], V[Si]} €
E(Cp), j =1, )1 €{1,...,m}, and by the definition o, {V[S;], v[Si]} is a chord ofC.

So, if Cy is chordless then[a] ¢ V(Cp) fori = 1,...,n. Similarly one can show that
ro ¢ V(Cp). So,V(Cp) C VI[C] U {wy, ..., w} andC, cannot be chordless, because the
vertices ofC, are pairwise adjacent. This completes the proof. O

Clearly, the size o6 is polynomial inn + m. Moreover, by Lemmas 1 and 2 there
exists a solution to the MSC problem if and only if there exsispanning tre€ of G
with the propertyy(T) < 3. By Lemma 3G is chordal. It is also easy to verify that
the diameter of the grap® in our reduction is bounded by 6. So, we have proved the
following.

Theorem 1 The 3-MVRST problemis NP-complete for chordal graphswith diameter
at most 6. O



3 Proper interval graphs

An interval graphis such a graphthat for each vertex € V(I) there exists an interval
Iy = (Iy,ry), Iv < ry such that for any two verticag v of I, {u,v} € E(l) if and only if
Iy N1y # 0. An interval graph igroper if the intervalsl, for v € V(1) can be defined
in such a way that there are no two vertieey such thatl, ¢ I,. In the following
we assume that aimterval diagram, i.e. a mapping of the intervals to the vertices, is
given. This is not a strong assumption since an intervalrdiagcan be computed for
a given interval graph in linear time [2]. We also assume thHatconnected, because
the problem for disconnected graphs reduces to solving MVR® each connected
component separately.

We start by proving a property which is true for any graph.

Lemma4 Let u,vbesome verticesof agraph G. If P isa shortest path between u and
vin G then y((P) < x((T), where T is any spanning tree of G.

Proof: Denote byP’ the path connectingandvin T. Clearly,P’ connectsiandvin G
which means tha¥(P)| < [V(P’)|. The vertex ranking number of a graph is not bigger
than the vertex ranking number of its supergraph which méfaety, (P) < x,(P’) <

xr(T). O

Given an interval graph, definevier; € V(1) (Wrigne € V(1)) so that for eachr € V(1)
it holdsly,,, < Iv (ry <1y, respectively). We have the following

Lemma5 If T isaminimum vertex ranking spanning tree of | and P isa shortest path
connecting Viert and Vyigne in 1 then y (P) = x,(T).

Proof: Lemma 4 implies that,(P) < x(T). In order to prove the reverse inequality
we construct a spanning tr8é such thay,(T’) = x,(P). Initially let T = P. Let

v be any vertex inv(l) \ V(P). Sincel is a proper interval graphy is adjacent inl

to at least two verticeg,y of P. This is true, because if has only one neighbaox

in P then it means that eithég C 1y orly < Iy, X = Viett OF Iy > Iy, X = Vyigne. All
those situations lead to a contradiction (with the definitid proper interval graphs or
with the definition ofvier; Or Vrignt). Letlyx < ly and we may without loss of generality
assume that andy are adjacent, because if this is not the case then thers existrtex

z e V(P) such thaly < I, < Iy and{z y} € V(P), which means that, > |y. Sincev is
adjacent to botlx andy, we have(y, ly) € I, and the factr(, Iy) N I, # 0 implies thatz

is adjacent tav in | and we can useasx. Letc be an optimal vertex ranking &f. We
havec(x) # c(y). Assume that(x) > c(y) (the case when(x) < c(y) is analogous).
Add the vertexv and the edgév, x} to T” and letc(v) = 1. Clearly,c(x) > 1 which
means that is a valid vertex ranking of the new tré¢. This completes the proof,
because was selected arbitrary. O

The vertex ranking algorithm for proper interval graphssdallows:
Step 1: find the verticeger; andvyign;

Step 2: compute a shortest p&itonnecting/ert andvyigy and letT := P,



Step 3: find an optimal vertex rankirgpf P;

Step 4: foreach € V(1) \ V(P) find a vertexx € V(P) such that(x) > 1, {x, v} € E(l)
and execut®/(T) := V(T) U {v}, E(T) := E(T) U {{v, x}};

Step 5: returT;

Now we discuss the time complexity of the second step of therdhm. Without
loss of generality we can assume that for each V(I), Iy, ry € {1,...,2n}, where
n = |V(l)], see e.g. [4]. This means that we can sort the verticdshyf the values
of Iy in O(n) time. Assume thaV(l) = {vi,...,Vq}, wherel,, < l,,,,i=1,...,n—
1. Authors in [3] gave anf@icient algorithm for computing shortest paths in interval
graphs. Assuming that the vertices of an interval graph arted according to the
values ofl, andr,, they designed a data structure whicleifl) time gives the lengths
of the path between two given vertices andd(l) time computes this path, where
is the length of the path. The above data structure can be wthpn linear time

OV

Corollary 1 ([3]) The shortest path between the vertices viess and Vrigne Can be com-
puted in linear time.

Theorem 2 There exists a linear time algorithm solving the MVRST problem for
proper interval graphs.

Proof: By Lemma 5, the algorithm is optimal. We show that it has admeinning
time. Step 1 of our algorithm can be performed in constanétibecaus®ies; = Vi
andvrign = Vi (the vertices are sorted as mentioned above). Using Coydllave have
that the second step can be done in linear time. Step 3 camearO(|V(P)|) = O(n)
time [16]. If v; andvi,; are two vertices iV(l) \ V(P) and{v;,vw} € E(l), c(v)) > 1
wherevy; € V(P) then there exists a vertax,x € V(P), k > 0 such that(v,x) > 1
and{vi,, Vizk} € E(I). Thus, to perform the last step of the algorithm in lineargiwe
iterate over the vertices (1) \ V(P) according to increasing values of their indices
and we iterate over the vertices YW P), also according to increasing values of the
indices. From the above argument it follows that we do notdrieebacktrace, so the
fourth step of the algorithm can be done in linear time. O
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